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Abstract 
There are many golf balls on the market today with varying dimple sizes, shapes, and 
distribution. These proprietary differences are all designed to reduce drag on the balls during 
flight, allowing golfers to hit the ball farther distances.  There are limited published studies 
comparing how varying the dimples affects the reduction of drag. An experiment was 
developed in which golf balls were pulled through a water tank to measure the drag force 
acting on each ball. The water was chosen to allow for testing at slower velocities than the 
typical necessary speeds to cause turbulence for balls traveling in air. Golf balls with a range 
of dimple patterns are tested and compared to determine which pattern has the lowest 
associated drag coefficient. 
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I. Introduction 
The golf ball has seen many developments since the birth of the sport in the 15th century. 
Originally, the ball was hand carved from wood. The process was tedious, and often resulted 
in inconsistent ball flight. Following the original design was the featherie. The featherie ball 
was made from dried leather stuffed with goose down. This ball was far simpler and efficient 
to produce; however, the ball flight was unpredictable. It was during this time that golfers 
using the featherie noticed that the balls that were more scuffed and nicked performed better 
than new balls. This observation led to the revolutionary guttie. The guttie ball was made 
from rubber from the gutta percha tree. The guttie was the first ball to incorporate a uniform 
dimple pattern. This led to increased distance and a more stable ball flight. The modern golf 
ball has since evolved into multiple dimple patterns including different size, shape, and 
distribution of dimples.  
This paper explores the effect that different dimple patterns have on the amount of drag a 
golf ball experiences. It is hypothesized that the ball with the lowest drag coefficient will fly 
the farthest. Therefore, in principle, using the ball with the lowest drag coefficient would 
allow golfers to gain distance without making any technical changes to their swing. This 
added distance could make a significant impact in the player’s score. This knowledge is 
especially useful in long drive competitions wherein one yard could be the difference 
between winning and losing the competition.  
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II. Background  
2.1  Fluid Flow Dynamics 
There are two types of flow in fluid dynamics, laminar flow and turbulent flow. Laminar 
flow is defined as a fluid flowing in parallel layers, with no disruption between layers. This 
type of flow is smooth and predictable. Turbulent flow is flow in which the fluid undergoes 
irregular fluctuations or mixing. This type of flow leads to swirling of the fluid and is much 
more chaotic. A visual representation of both types of flow is illustrated in figure 2.1. 
 
 
 
  
 
 
 
Figure 2.1 Visual representation of Turbulent flow vs. Laminar flow. Image retrieved with 
permission from https://commons.wikimedia.org/wiki/File:Flujo-laminar-y-turbulento.gif   
 
Dimples on a golf ball decrease the separation point of fluid on the ball. This allows 
laminar flow to continue longer around the surface of the ball, and thus reduce the drag wake. 
This effect is further discussed in the following subsections.  
2.2  Drag 
After a golf ball is struck, there are only three forces acting on the ball; gravity, drag, and 
lift. Gravity and drag both hinder the distance the ball will travel while lift increases the 
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distance. Golf ball dimples reduce drag by creating a turbulent boundary layer flow around 
the ball. The boundary layer is defined as a thin layer of fluid dragged by the ball. By 
creating this turbulent boundary layer, the separation point decreases. The separation point is 
the position in which the boundary layer separates from the surface of the ball. As a result, 
laminar flow is able continue farther around the ball thus producing a smaller drag wake. The 
smaller the wake, the less drag force acting upon the ball1. The drag wake is comprised of 
turbulent flow directly behind the ball. This turbulent flow results in a lower pressure directly 
behind the ball. The lower pressure results in a force opposing the motion of travel of the golf 
ball. This type of drag is referred to as pressure drag and is typically the type of drag referred 
to in dynamic flow. Figure 2.2 demonstrates how fluid flows around a smooth ball compared 
to a dimpled ball.   
 
 
  
 
 
Figure 2.2 Fluid flow around a smooth ball versus a dimpled ball. Flow around a smooth ball 
leads to a large separation point resulting in a large drag wake while the dimpled ball experiences 
less separation and thus less drag. Image retrieved from Fig. 1 of Lignorelo, et al. [2] 
 
Each golf ball is limited to the same constraints regarding mass and diameter according to 
the USGA. However, companies are given free range on the dimple pattern they design. A 
golfer can choose from a variety of patterns available on the market today. Some golf balls 
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have many dimples packed tightly together, while others have much less. Companies also 
implement different dimple shapes in hopes of achieving the perfect golf ball. The effects 
these different dimple patterns have will be further explored in the theory section.  
2.3  Lift 
The typical golf swing strikes down on the ball. This downward force compresses the ball 
between the club and the ground. The ground then forces the ball to ‘climb’ up the club face. 
Due to this, the ball is given some backspin. As the ball decompresses, the spin rate 
increases. Because the ball is spinning, the dimples force a higher pressure to the bottom of 
the golf ball. The higher-pressure results in an upward force acting on the ball. This 
phenomenon is known as the magnus effect. This effect is illustrated in figure 2.3. 
 
 
 
 
 
Figure 2.3 Image of the magnus effect due to a spinning ball. Reproduced from 
https://commons.wikimedia.org/wiki/File:Sketch_of_Magnus_effect_with_streamlines_and_t
urbulent_wake.svg 
 
 Due to facility constraints, spin is not included in the experimental procedures. While lift 
is a crucial force during ball flight, this paper does not address the effect of this force. 
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III. Theory 
3.1 Simple Pendulum 
This experiment utilizes the physics of a simple pendulum as a force transducer. When a 
ball suspended by a string flows through water, the drag force caused by the water forces the 
ball in the opposite direction to which it is traveling. A free body diagram of the forces 
present is shown in figure 3.1. 
  
  
 
 
 
Mathematically, the tension in the string will cancel out; but it provides a way to relate drag, 
weight, and buoyancy. The angle resulting from the tension can be used to evaluate for drag 
force. If the angle displaced is measured from the vertical, and lift is ignored, then the angle 
θ can be related to drag force by, 
 𝜃 = tan−1
𝐹𝑑
𝑚𝑔−𝐹𝑏
 1.) 
where m is the mass of the golf ball, g is the acceleration due to gravity, and 𝐹𝑏 is the 
buoyant force. The buoyant force is due to the ball displacing water. This force acts upward 
on the ball, opposite of gravity. It can be calculated by using Eq. 2 below.  
Figure 3.1 Schematic diagram of simple pendulum as force transducer. 
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 𝐹𝑏 =  𝜌𝑔𝑉 2.)  
In this equation, ρ is the density of water, g is acceleration due to gravity, and V is the 
volume of the golf ball. Once equilibrium is reached, θ can be determined through video 
analysis. By rearranging Eq. 1, the drag force is calculated as 
 𝐹𝑑 = 𝑡𝑎𝑛𝜃(𝑚𝑔 − 𝐹𝐵) 3.)  
3.2 Bernoulli’s Equation 
When considering the ball traveling through the water, the water is exerting some 
pressure across the frontal area of the ball. This pressure is referred to as drag. By relating 
drag to pressure exerted across an area, the resulting force is written as 
 𝐹 = 𝑃𝐴 4.) 
From Bernoulli’s equation, the pressure in a fluid is  
 𝑃1 + 𝜌𝑔𝑦1 +
1
2⁄ 𝜌𝑣1
2 = 𝑃2 + 𝜌𝑔𝑦2 +
1
2⁄ 𝜌𝑣2
2 5.) 
The first two terms of the equation are not relevant as we are only concerned with the kinetic 
contribution to pressure in this system. Therefore Eq. 5 can be reduced to  
 𝑃 = 1 2⁄ 𝜌𝑣𝑥
2 6.) 
 By substituting Eq. 6 into Eq. 4, the force is rewritten as 
 𝐹𝑑 =  
𝐶𝑑𝜌𝐴𝑣
2
2
 6.) 
where 𝐶𝑑 is the drag coefficient, A is the cross sectional area of the ball, and v is the velocity. 
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3.3 Coefficient of Drag 
Cd must be included in the equation for drag as any object traveling through a fluid will 
have its own drag coefficient. This coefficient takes care of any drag due to factors not 
covered in the equation. The drag coefficient must be solved for experimentally as there are 
many variables that the coefficient covers. 
 The coefficient of drag can be drastically changed by modifying any number of variables. 
For a golf ball, the drag coefficient can be changed by altering the material of the cover, the 
dimple depth, the dimple shape, the number of dimples, or even the uniformity of the 
dimples. Most golf balls in the market use the same material for the cover, being a 
polyurethane material. The depth of the dimples also is consistent at a depth of 0.9 mm. The 
other factors, however, are more often reworked and revised. These changes will be 
discussed in the following subsection. 
  Through video analysis, the drag force can be calculated using Eq. 3. The resulting values 
can then be substituted into Eq. 6. Equation 6 is then rearranged to solve for the drag 
coefficient. Cd is thus calculated using  
 𝐶𝑑 =
2(𝑚𝑔−𝐹𝑏)
𝜌𝐴
𝑡𝑎𝑛𝜃
𝑣2
  7.)  
where tanθ and v2 are calculated experimentally. 
3.4  Dimple Pattern 
Each golf ball tested has a unique dimple number and pattern. The companies that make 
these balls claim that their design will produce the best results. The Bridgestone golf ball 
features a dual dimple pattern. By using this pattern, the ball essentially has twice the amount 
of dimples of any other ball on the market. The inner dimples are said to reduce drag at 
launch for faster initial velocities which results in greater carry distances, while the outer 
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dimple results in a more shallow descent for increased roll5. However, by placing one dimple 
within another, they are reducing the size of the outer dimple. This could have a negative 
effect resulting in a higher drag coefficient. 
 The Callaway ball has hexagonal shaped dimples. The hexagon has the lowest associated 
drag coefficient of any shape. Many wind tunnels incorporate ‘honeycombs’ with hexagons 
to reduce turbulent flow and promote laminar flow6. This feature may result in laminar flow 
to continue farther around the ball and thus experience a lower drag force. 
 The Maxfli and Nike golf balls both have over 400 dimples on them. These companies 
packed as many dimples on as they could to minimize the drag force. By placing more 
dimples on the ball, the surface becomes rougher. However, if they are using too many 
dimples, the ball will have a large drag coefficient. This occurs because at a particular 
volume of dimples, the ball starts behaving like a smooth ball. At too high of a volume, the 
dimples create a large boundary layer just as a smooth ball does. This results in a large 
separation point and thus large drag wake.  
The Taylormade ball has the most traditional pattern of the balls tested. It features 360 round 
dimples. These dimples are evenly distributed throughout the ball. While it is conventional, 
this design is still widely used on the market. The companies also make many claims 
regarding to the spin rate their dimple pattern produces. However, these claims are ignored in 
this paper as the ball is not spinning during trials. 
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IV. Experiment 
4.1 The Golf Balls 
This experiment consisted of 5 different golf balls with varying numbers of dimples and 
dimple shape. Each ball had a mass of 45.93 +/- .01 grams. The diameter of each ball was 
found to be 42.73 mm. The balls tested were the Bridgestone Tour B330, Callaway Hex 
Control, Maxfli TourD, Nike PD Long, and Taylormade RBZ. Each ball is marked with a 
red ring around the center of the ball to make it easier to track through video analysis. 
The Bridgestone golf ball features a ‘dual dimple’ design in which a smaller dimple is 
impressed within a larger dimple. This ball consists of 330 dimples each with a smaller 
dimple inside. The Callaway ball has 332 hexagonal shaped dimples. The hexagon shape is 
known to have the lowest drag coefficient. The Maxfli ball has the most dimples with 442. 
The dimples on this ball are smaller in diameter in order to maximize the number of them. 
The Nike golf ball is a close second with 432 dimples. Again, these dimples are smaller in 
order to accommodate this feature. Finally, the Taylormade golf ball has a more traditional 
design with 360 circle shaped dimples. The dimple designs will be further discussed in the 
theory section. 
3.2 Experimental Set Up 
The apparatus for the experiment is shown in figure 3.1. In the figure, two frictionless 
carts are attached by a metal rod, with the pendulum centered on the rod. The tracks for the 
carts are rested on top of a fish tank as shown. The metal bar is bent into a ‘U’ shape to sit 
just above the surface of the water. The two carts are propelled by a hanging mass ran 
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through a pulley. The mass can be adjusted to increase or decrease the terminal velocity. The 
length of the pendulum for each trial is 23 cm. This distance was measured from the middle 
of the golf ball to the metal bar attaching the carts. The cross section of the tank is 44cm X 
46cm. The ball being tested is drug through the fish tank, with the cross section of the ball 
being equal to roughly 10% that of the tank. The size of the tank is chosen as such because if 
the cross section of the tank is not big enough, drag from the edges of the tank can affect the 
ball3. Two red lines drawn on the fish tank are separated by a distance of 30 cm. These lines 
demarcate the area of observation as shown in figure 3.1. When the weight is released and 
the carts move, a video camera records the travel of the golf ball between the area of 
observation. The camera records at 240 frames per second.  
 
 
 
 
 
 
 
 
 
Figure 3.1 Experimental set-up for calculating drag force acting on a golf ball. The cart is pulled to the right by 
the adjustable weight. The camera records the travel of the ball through the area of observation.  
Area of 
observation 
Frictionless 
Carts 
Camera 
Adjustable 
Weight 
Pulley 
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3.3 Experiment Trials 
As each ball was pulled through the water, the drag force acting on the ball will 
eventually equal the force due to the weight of the pulley. This means that the ball will reach 
a terminal velocity; the magnitude of which is dependent on the weight off the pulley. The 
balls are subjected to 5 trials with a 10-gram weight (vt ~0.4 m/s), 15-gram weight (vt ~0.55 
m/s), and 20-gram weight (vt ~0.65 m/s) resulting in 15 trials for each ball. These trials are 
specifically conducted in water, as this allows trials to be performed at a much slower 
velocity4. Water is approximately 1,000 times denser than air. The higher density means that 
there is more mass, which equates to more inertia. The higher the inertia, the more difficult it 
is for the ball to move the water out of the way. This results in a large angle of deflection at 
relatively low velocities. For example, speeds of 0.5 m/s in water is equivalent to 14.3 m/s in 
air. Due to this, the weights chosen are sufficient enough in producing a wide range of 
velocities.  
Each trial was analyzed by using the program Tracker. This program measures the 
position in both the x and y direction, as well as time. The y-values are used to determine the 
angle of displacement while the x-values are used to calculate velocity. In the program, the 
distance between the area of observation had to be set by using a calibration stick. The axis 
of origin also had to be set. The x-origin was set at the beginning of the area of observation; 
the y-origin was set at the middle of the ball when resting straight down. The program 
incorporates an auto track function. The ball is set as a point mass, using an initial frame as a 
template. The match criteria was set at a minimal match value of 10. The program then goes 
through the video frame by frame finding a match to the template within each frame. Error in 
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match values was marginal as the minimal match criteria was set to the highest allowable 
value. 
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V. Results And Analysis 
To improve statistics, each golf ball underwent a series of 5 trials, using three different 
masses. The masses consisted of 10g, 15g, and 20g. The trials were recorded and then 
analyzed using the program Tracker. The results produced by the program were used to 
determine the x-velocity of the golf ball and the angle displaced. To accurately calculate the 
drag force acting on the ball, the ball must be traveling at a constant or near constant x-
velocity. This is necessary as the drag force is dependent on the x-velocity. If the ball is 
accelerating, the drag force will be increasing, making it difficult to calculate the drag 
coefficient.  Because of this, data points for the angle displaced were only analyzed over a 
range where the x-velocity was constant. To select these data points, the x-velocity was 
mapped vs. time for each trial. An example of this range is shown in the data plotted in figure 
5.1. 
 
 
 
 
 
 
  
 
 
 
Figure 5.1. Typical results for Nike PD Long ball. Vertical bars indicate the range of date used 
in analysis, t= [2.7,2.9]. 
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The velocities between 2.7 seconds and 2.9 seconds were used for analysis in this trial. This 
range was chosen as the velocity differs by less than 10%. This is near constant velocity; 
similar ranges were found for each trial. 
Once ranges of constant velocity were found for each trial, tan(θ) and 𝑣𝑥
2 were calculated 
using these values. By mapping these two parameters against each other, the drag coefficient 
of the golf ball can be determined by using Eq.7. To effectively display this, the values for  
𝑣𝑥
2 and tan(θ) were averaged over each trial. This resulted in 15 data points for each golf ball.  
The Bridgestone golf ball is shown in figure 5.2.  
 
 
 
 
 
 
 
 
 
Figure 5.2. Linear plot of Bridgestone B330-S golf ball. The slope is used to calculate the drag coefficient. 
The best fit line as determined by the linear trend shown in the graph is used to calculate 
the drag coefficient. By using the conditions described in the theory section, solving for the 
drag coefficient results in 0.15 ± 0.01 for the Bridgestone ball. This is a reasonable value as 
the drag coefficient for a smooth ball at a similar range of velocities would be roughly 0.5.7  
1500 3000 4500 6000
0.2
0.4
0.6
0.8
1.0
1.2
1.4
T
a
n
(
)
v
2
 (cm/s)
2
Intercept 0.15 ± 0.05
Slope 2.15E-4 ± 1.4E-5
 15 
 
The Callaway golf ball is analyzed next. When mapping tangent of theta vs. velocity 
squared we find a best fit line slightly less than the Bridgestone ball. The Callaway ball is 
mapped in figure 5.3. 
 
 
 
 
 
 
 
 
Figure 5.3 Linear plot of Callaway Hex Control golf ball. The slope is used to calculate the drag coefficient. 
Again, the data points result in a reasonable linear trend. When solving for the drag 
coefficient for the Callaway, it is found to be 0.14 ± 0.01. This value again is a reasonable 
result for the drag coefficient.  
The Maxfli golf ball has a lower slope value than the previous two balls, however it has a 
higher uncertainty value. Figure 5.4 plots the results for the Maxfli ball.  
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Figure 5.4 Linear plot of Maxfli golf ball. The slope is used to calculate the drag coefficient. 
The drag coefficient calculated for this ball is 0.13 ± 0.015. This ball seemed to have the 
most fluctuation during trials, likely causing the higher uncertainty value. Maxfli golf balls 
are often regarded as a distance ball as they are known to travel farther than their 
competitors. The data supports these claims. 
 The Nike ball had the largest angle displacement of the three golf balls. This means that it 
experienced the most drag force. This ball also has a significantly larger amount of dimples 
than the Bridgestone, Callaway, and Taylormade ball. Due to the higher drag force, it can be 
reasoned that the larger amount of dimples did not reduce the amount of drag the ball 
experienced.  A graph of the Nike ball is shown in figure 5.5. 
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Figure 5.5 Linear plot of Nike PD Long golf ball. The slope is used to calculate the drag coefficient. 
The resulting drag coefficient associated with the Nike ball is 0.17 ± 0.02. While the drag 
coefficient is not significantly higher than those shown above, at high speeds it results in a 
reasonable amount of distance lost. This ball has a higher uncertainty value as well. The 
higher uncertainty values are due to more fluctuation in travel. Both the Maxfli and Nike ball 
experienced this greater fluctuation. Therefore, it can be reasoned that the greater number of 
dimples did not provide a smoother ball flight. This could be because the dimples created a 
larger boundary layer during certain trials as was discussed in the theory section. 
The final ball analyzed was the Taylormade RBZ. The Taylormade ball has the most 
traditional dimple pattern on it. This pattern yielded the lowest slope value of any of the 
balls. A graph of the Taylormade ball is shown in figure 5.6. 
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Figure 5.6 Linear Plot of Taylormade RBZ golf ball. The slope is used to calculate the drag coefficient. 
The value of the slope for the Taylormade ball is significantly lower than the other balls. 
This low slope value returned a drag coefficient of 0.12 ± 0.01.  
 To more easily compare these results, Table 5.1 lists the resulting Cd values from lowest 
to highest. 
Table 5.1 List of drag coefficients in order from least to greatest. 
Golf Ball Coefficient of Drag 
Taylormade RBZ 0.12 ± 0.01 
Maxfli TourD 0.13 ± 0.015 
Callaway Hex Control 0.14 ± 0.01 
Bridgestone Tour B330-S 0.15 ± 0.01 
Nike PD Long 0.17 ± 0.02 
 
  
By comparing the drag coefficient of each golf ball, the traditional pattern is found to 
have the lowest associated drag coefficient. The Callaway and Bridgestone ball are slightly 
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higher, meaning that their integration of different shapes of dimples did not result in a 
reduced drag force. The Nike ball experienced the most drag while the Maxfli ball 
experienced the second least drag. Both of these balls have a high quanitity of dimples yet 
provided very different results. Therefore it cannot be concluded as to what effect the larger 
number of dimples provided. These two balls did have the greatest uncertainty however. This 
greater value of uncertainty means that their travel was the most inconsistent. This could 
mean that the balls experienced more drag in some trials versus other trials. If this was the 
case, then the large distribution of dimples did not promote less drag on a consistent basis.   
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VI. Conclusion 
The purpose of this experiment was to determine the drag coefficients of different dimple 
patterns. It was hypothesized that the golf ball experiencing the least drag would travel the 
furthest. From the data, it was found that the Taylormade golf ball has the lowest drag 
coefficient. This was surprising as the Taylormade ball features the most traditional dimple 
pattern. Other dimple designs are presumably improvements on this design, yet they yielded 
higher values of drag coefficient. The results of this experiment have led to further inquiry 
about the role lift plays in the total distance the golf ball travels.  
Due to the unknown values of lift coefficients, it cannot be determined which golf ball 
will travel the furthest. While this was a goal of the experiment, the experiment was still 
successful. The drag coefficients of different dimple patterns were found to an uncertainty 
value of within 10%. These values are well within the accepted range for a sphere with 
dimples. Similar experiments for solving drag coefficients use a wind tunnel to make these 
calculations. Due to facility constraints, a fish tank was used with water as the fluid. This 
method proved to be successful in making the calculations as well. This method also allowed 
for testing at low velocities, which may be necessary for other similar experiments.  
Gravity, drag, and lift are the only forces acting on a golf ball once it leaves the club face. 
When struck, a golf ball compresses and climbs the club face. This induces spin on the ball; 
the spin rate increases as the ball decompresses. While dimples reduce drag, they also 
produce lift. When a golf ball is spinning, the dimples force a higher pressure to the bottom 
of the golf ball. The higher pressure at the bottom of the ball results in an upward force thus 
carrying the ball farther.  
 21 
 
This lift force may play a larger role than previously expected. In fluid dynamics, there is 
a ratio of lift over drag. The higher the ratio, the farther the golf ball will travel. While a 
lower drag coefficient results in a higher lift over drag ratio, a higher lift coefficient will as 
well. The Taylormade ball may have the lowest drag coefficient, however the other designs 
could have a higher lift coefficient. Although the drag coefficients of the other balls are 
higher, they are within 0.05 of the Taylormade ball, which is a small amount. If the lift 
coefficient is high enough, their ratio would be greater than the traditional pattern, making 
them an improvement on the design.  
To determine the lift coefficient of the golf balls, spin must be included in the 
experimental procedure. This could be done with a motor spinning the ball within a wind 
tunnel. It would also be useful to use numerical approximations to observe the effect of lift 
over drag. The model could be used to further investigate differences in total yardage 
traveled by the ball at Tour and Amateur levels.  
 
 
 
 
 
 
 
 
 
 22 
 
VII. Acknowledgements 
In concluding this document I would like to thank my advisors for their support towards 
this paper. Thank you to Dr. Michael Crosser for your hours of input and knowledge. A 
special thank you to Dr. Jennifer Heath for your aid in the process of scientific writing, as 
well as my overall development as a physicist. I would like to acknowledge my thesis 
committee for their feedback and contributions towards the success of this paper. I would 
also like to thank the Linfield College Department of Physics for their commitment 
towards my education and growth in the physical sciences.  
 
 
 
 
 
 
 
 
 
 
 23 
 
VIII. References 
1. Penner, R. A. The physics of golf. Inst. Phys. Publ. 131, 131–171 (2002). 
 
2. Lignarolo, L., Lelieveld, C. & Teuffel, P. Shape morphing wind-responsive facade                                                   
systems realized with smart materials. Adapt. Archit. Conf. 1–14 (2011). 
 
3. Kim, J., Son, K. & Choi, H. Aerodynamics of a golf ball with grooves. Bulletin of the 
American Physical Society 1–9 (2009). doi:10.1177/1754337114543860 
 
4. Cross, R. Effects of turbulence on the drag force on a golf ball. Eur. J. Phys. 37, 54001 
(2016). 
 
5. Nelson, R. Double-Dimple technology sets Bridgestone Tour balls apart.        
metrogolfmag.com (2012). Available at: http://metrogolfmag.com/Articles/Article-
Detail/ArticleId/71/Double-Dimple-technology-sets-Bridgestone-Tour-balls-apart 
 
6. Veilleux, T. & Simonds, V. How do dimples in golf balls affect their flight? 2000 (2000). 
 
7. R. D. Blevins, Applied Fluid Dynamics Handbook (Van Nostrand Reinhold, New York, 
1984), pp. 328–342. 
 
